The Hitchin-Simpson equations are first order non-linear equations for a pair of connection and a Higgs field, which is closely related to the Higgs bundle theory over Kähler manifold. In this paper, we study the behavior of sequences of solutions to the Hitchin-Simpson equations over closed Kähler manifold with unbounded L 2 norms of the Higgs fields. We prove a compactness result for the connections and renormalized Higgs fields.
Introduction
The study of compactness problem for flat SL(2, C) connections over 3 and 4 manifold was pioneered by Taubes [33, 32] . In dimension 4, Taubes also proved a compactness theorem for SL(2, C) connections of the Kapustin-Witten equations [32] and the Vafa-Witten equations [34] . We also refer to [12, 38] for related compactness results. In addition, over Riemann surface, flat SL(2, C) connections are closely related to the theory of Higgs bundle and Hitchin fiberation. Using the theory of Higgs bundle and complex geometry tools, there are series of papers gave terrific understandings of the ends of the Taubes' compactified space, c.f. [18, 19, 11, 22] . This paper is an attempt to generalize Taubes' compactness results to higher dimensional Kähler manifold and to GL(r, C) connection that satisfies the Hitchin-Simpson equations. The method we use relies on a combination of fundamental contributions by Taubes [33, 32] on the SL(2, C) connections and Mochizuki [22] on the asymptotic behavior of Higgs bundle over Riemann surface.
The Hitchin-Simpson equations were introduced by Hitchin [13] on Riemann surface and studied by Simpson [25, 26] over general Kähler manifold. It has great interaction with different areas of math, including gauge theory, the theory of Higgs bundles, representations of fundamental group, etc.
Let (X, ω) be a closed Kähler manifold with real dimension 2n and Kähler class ω, let E be a rank r complex vector bundle with Hermitian metric H. Let A be a unitary connection and φ be a End(E) valued Hermitian 1-form. We write d A =∂ A + ∂ A and φ = ϕ + ϕ † with ϕ ∈ Ω 1,0 X (End(E)), then the Hitchin-Simpson equations for A and φ can be written as
where Λ : Ω 1,1 (End(E)) → Ω 0 (End(E)) is the contraction with the Kähler class and γ is a constant defined as γ = 2π deg(E) (n−1)!r . In addition, we can define D = d A + φ, then when deg(E) = 0 and ch 2 (E).
[ω] n−2 = 0, then the Hitchin-Simpson equations are equivalent to the flat connection equation D 2 = 0.
Recall a Higgs bundle over Kähler manifold is a pair (E, ϕ), where E is a holomorphic vector bundle, ϕ ∈ H 0 (End(E)⊗Ω 1,0 X ) with integrable condition ϕ∧ϕ = 0. The main advantage of studying flat connections over Kähler manifold is the Kobayashi-Hitchin correspondence [10, 13, 25] : there is a one-to-one correspondence between the moduli space of polystable Higgs bundle and the moduli space of solutions to the Hitchin-Simpson equations.
The Hitchin morphism, which is introduced by Hitchin [14] and studied in [27, 28, 5] , also plays a very important rool in our article. Let M Higgs be the moduli space of polystable Higgs bundle and let p 1 , · · · , p r be a basis of invariant polynomials of End(E), then for any (E, ϕ) ∈ M Higgs , we can define the Hitchin morphism κ(E, ϕ) = (p 1 (ϕ), · · · , p r (ϕ)) ∈ ⊕ r i=1 H 0 (S i Ω 1,0 X ), where S i Ω 1,0 X is the i-th symmetric tensor of Ω 1,0 X . Using the Hitchin morphism, we can study the eigenvalues and spectrum dates of a Higgs bundle.
Our main result is the follows:
Theorem 1.1. Let X be a closed Kähler manifold and let E be a rank r vector bundle with Hermitian metric H. Let (A i , φ i ) be a sequence of solutions to the Hitchin-Simpson equations (1) and we write r i := φ i L 2 (X) .
(i) Suppose the sequence {r i } has a bounded subsequence, then there exist a Hausdorff codimension 4 singular set Z Uh , (E ∞ , H ∞ ) a rank r Hermitian vector bundle, A ∞ a unitary connection, φ ∞ a Hermitian 1-form such that (A ∞ , φ ∞ ) satisfies the Hitchin-Simpson equations over X \ Z Uh . Moreover, passing to a subsequence and up to unitary gauge (A i , φ i ) convergence smoothly to (A ∞ , φ ∞ ) over any compact set of X \ Z Uh . (ii) Suppose the sequence {r i } has no bounded subsequence, we writeφ i := r −1 i φ i = ϕ i +φ † i and denote (p 1 (φ i ), · · · , p r (φ i )) ∈ ⊕ r i=1 H 0 (S i Ω 1,0 X ) be the image under the Hitchin morphism, then (a) (p 1 (φ i ), · · · , p r (φ i )) convergence smoothly over X to (p 1,∞ , · · · , p r,∞ ) with p k,∞ ∈ H 0 (S k Ω 1,0 X ), let Z T ⊂ X be the discriminant locus defined by (p 1,∞ , · · · , p r,∞ ). (b) Suppose Z T X, then there exists a codimension 4 subset Z Uh ⊂ X \ Z T , a Hermtian vector bundle (E ∞ , H ∞ ) over X \(Z Uh ∪ Z T ), unitary connection A ∞ and Hermitian 1-form φ ∞ such that over X \ (Z Uh ∪ Z T ), for any p > 1, up to unitary gauge and passing to a subsequence, we have (A i ,φ i ) convergence to (A ∞ , φ ∞ ) in L p 1,loc topology (c) A ∞ is a Hermitian-Yang-Mills connection and (A ∞ , φ ∞ ) satisfies the adiabatic Hitchin-Simpson equations (12), (d) Z T and Z Uh are complex analytic subset of X. In addition, suppose deg(E) = 0 and ch 2 (E).
[ω] 2n−2 = 0, then Z Uh = ∅, (e) When rank E = 2, then Z T can be choosen to have codimension at least 2.
The discriminant locus are roughly the points in X corresponding to the common eigenvalues of a Higgs fields which will be explicitly defined on Chapter 2. When rank (E) ≥ 3 and Tr(φ i ) = 0, it is possible that Z T = X and in this situation, Theorem 1.1 doesn't say anything. The adiabtic Hitchin-Simpson equations will be explicitly defined in Chapter 6. Here (i) is well-known and follows by classical elliptic theory and Uhlenbeck compactness.
In [33, 32] , Taubes introduced the concept of Z 2 harmonic 1-form, which roughly is the boundary of the compactification of flat SL(2, C) connection. A Z 2 harmonic 1-form is a triple (Z, I, v), where Z is a subset of X with codimension at least 2, I is a R bundle over X \ Z, v ∈ Ω 1 X ⊗ I is harmonic. There are a lot of interesting papers studied the Z 2 harmonic 1-forms, [8, 29, 40] . In addition, when we consider Theorem 1.1 when rank E = 2 and Tr(φ i ) = 0, the adiabatic Hitchin-Simpson equations will give us a Z 2 harmonic 1-form.
We said a Z 2 harmonic 1-form (Z, I, v) can be realized if there exits a sequence of solutions (A i , φ i ) to the Hitchin-Simpson equations convergence to (Z, I, v) in the sense of Theorem 1.1. Over a closed Kähler manifold, we could give the following description when a Z 2 harmonic 1-from can be realized by a sequence of solutions: Theorem 1.2. Let X be a closed Kähler manifold, let M Higgs be the moduli space of SL(2, C) polystable Higgs bundle and write κ : M Higgs → H 0 (S 2 Ω 1,0 X ) be the Hitchin morphism.
(i) Let (Z, I, v) be a Z 2 harmonic 1-form over X such that there exists a sequences of solutions to the Hitchin-Simpson equations convergence to (Z, I, v), then
there exists a sequence of solutions to the Hitchin-Simpson equations converge to (Z, I, v).
Conventions. In all estimates below, C, C ′ , are all constants which arise and depend only on X, E and the background Hermitian metric H over E, but whose values change from one line to the next. We always specify when a constant depends on further data. In this paper, we always denote X be a closed Kähler manifold with Vol(X) = 1 and dim R (X) = 2n. We usually write R 0 as the injective radius of X.
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Higgs bundles and the Hitchin-Simpson equations over Kähler manifold
In this section, we will introduce the theory of Hitchin [13] and Simpson [25, 26] about Higgs bundles and the Hitchin-Simpson equations over closed a Kähler manifold.
2.1.
Higgs bundles over Kähler manifold. Let E be a complex vector bundle over a Kähler manifold X, we write Ω p,q X (E) be the E-valued (p,q) forms over X. The holomorphic structures over E can be identified with connections∂ E : Ω 0 X (E) → Ω (0,1)
X (E) with integrable condition∂ 2 E = 0. We usually write E = (E,∂ E ) be a holomorphic vector bundle.
We define the complex gauge group G C := Aut(E), then for g ∈ G C , G C acts on Higgs bundle by g(∂ E , ϕ) :
To form the moduli space of the Higgs bundle, we need to introduce the concept of the stability. 2.2.1. The Hermitian Geometry over Kähler Manifold. Let X be a closed Kähler manifold with Kähler metric g. We denote the corresponding Kähler class as ω. In an orthogonal normal frame dz i of X with |dz i | 2 = 2, we write ω = i 2 n i=1 dz i ∧ dz i . Then we can define the contraction map with the Kähler class Λ :
In addition, we have Λα.vol g = 1 (n−1)! α ∧ ω n−1 , for α ∈ Ω 1,1 X . Let E be a rank r complex vector bundle with Hermitian metric H and let d A be a connection on E. We define a connection d A is unitary w.r.t to the Hermitian metric H if for any section s 1 , s 2 of E, we have dH(s 1 ,
Given a Higgs bundle (∂ E , ϕ), we can define the adjoint ∂ H , ϕ † as follows:
where s 1 , s 2 are sections of E. Therefore, given any Hermitian metric, we can define a unitary connection d A :=∂+∂ H and a Hermitian 1-form φ := ϕ+ϕ † . We denote D := d A +φ, then D is a complex connection with the curvature D 2 = F (1,1) A + [ϕ, ϕ † ]. If D 2 = 0, then we call D a flat connection.
For any connection∂ : Ω (p,q)
(E), using the metric on E and the Kähler metric on X, we can define the adjoint operator∂ ⋆ , ∂ ⋆ and they will satisfy the Kähler identities
Moreover, for the action of Laplacian ∆ on Ω 0 X , we have ∆ = d ⋆ d = 2∂ ⋆ ∂ = 2∂ ⋆∂ = 2iΛ∂∂. In addition, for every s ∈ Ω 1,0 (E) and we denote s † be the adjoint of s, then we have iΛ(s ∧ s † ) = |s| 2 .
The Hitchin-Simpson equations over Kähler manifold.
Let (E, H) be a rank r Hermitian vector bundle, the Hitchin-Simpson equations are equations for a unitary connection A and a Hermtian 1-form φ = ϕ + ϕ † :
where F ⊥ A = F 1,1 A − γ(E)Id is the trace free part of F 1,1 A and γ(E) = 2π deg(E) (n−1)!r . The first three equations of (1) is invariant under the complex gauge group g ∈ G C which define a Higgs bundle (∂ A , ϕ). In addition, (d A , φ) is the Chern connection for (∂ A , ϕ) together with the Hermitian metric H. Therefore, we can also regard (1) as equations for a triple (∂, ϕ, H).
In addition, we define the complex gauge group g ∈ G C acts on (A, φ) by
The complex gauge group G C also acts on the Hermitian metric as H g (s 1 , s 2 ) = H(gs 1 , gs 2 ) for any sections s 1 and s 2 . We have the following proposition explaining the relationship between these two descriptions: Proposition 2.3. Let E be a complex vector bundle over X, suppose (∂ A , ϕ, H) is a solution to the Hitchin-Simpson equations, then (∂ A g , ϕ g , H g ) is also a solution to the Hitchin-Simpson equations.
Let A g , φ g be the Chern connection of (∂ A g , ϕ g , H g ), then we have
Proof. Let s 1 , s 2 be two sections of E, we compute
Therefore, using the Hermitian metric H g for the adjoint, we have
The proposition follows immediately.
We define the unitary gauge transform G := {g ∈ G C |gg † = Id E }, then G preserves (1). We define the moduli space of the Hitchin-Simpson equations M HS as 
Proof. We have the following energy identity:
Corollary 2.6. [25] Suppose deg(E) = 0 and ch 2 (E).
[ω] n−2 = 0, then (1) is equivalent to the flat connection equations for the complex d A + ϕ + ϕ † : 
X are the symmetric product of Ω 1,0 X . We define the Hitchin base A X := ⊕ r i=1 H 0 (X, S i Ω 1,0 X ) and let p 1 , ..., p r be a basis for the ring of invariant polynomials on End(E), we can define the Hitchin morphism κ : M Higgs → A X , κ(E, ϕ) = (p 1 (ϕ), · · · , p r (ϕ)).
2.3.2. Spectrum Cover. Given any element Θ = (p 1 , · · · , p r ) ∈ A X , we can define the spectral cover S Θ of X:
. Locally, we can choose a trivialization of Ω 1,0 X ∼ = C n and consider the defining equation of S Θ on each component of C n . However, this definition will depends on the choice of the trivialization. We need the input of the integrable condition ϕ ∧ ϕ.
Let (E, ϕ) be a Higgs bundle, for each p ∈ X, we define λ ∈ Ω 1,0 X be the eigenvalue of ϕ if there exists a section s ∈ E| p such that ϕs = λs. In addition, λ will be holomorphic as λ is a solution of S Θ . Based on the previous proposition, the ϕ ∧ ϕ = 0 will guarantee that over every point of X, ϕ has well-defined eigenvalues. Therefore, given a Higgs bundle (E, ϕ) with spectral cover S Θ , then the points in S Θ correspond to different eigenvalues of ϕ.
Let λ 1 , λ 2 , · · · , λ r be r eigenvalues of ϕ, then we define the discriminant section as:
The zero set of the discriminant section will be the called the discriminant locus, which we denoted as Z Θ . The spectral cover are ramified along the discriminant locus.
2.3.3.
The Image of the Hitchin Morphism. Over general Kähler manifold, due to the condition that ϕ ∧ ϕ = 0, one should not expect that κ is surjective. The Hitchin morphism will factor through a subset of A X based on the condition ϕ ∧ ϕ = 0.
Given Θ = (s 1 , · · · , s r ) ∈ A X , with spectral cover S Θ = {λ|λ r + s 1 λ r−1 + · · · + s r = 0}.
Definition 2.8. We define B X consists of elements Θ = (s 1 , · · · , s r ) ∈ A X such that there exists a proper subset Z Θ X and for every p ∈ X \ Z Θ , there exists r holomorphic sections
Theorem 2.9.
[5]The space B X satisfies the following properties:
(i) B X is closed in A X and Im κ ⊂ B X . In addition, for Θ ∈ B X , then spectral cover S Θ is well-defined. (ii) After restricting the Hitchin morphism to the rank 2 trace free Higgs bundle moduli space, we define B X = {s ∈ H 0 (S 2 Ω 1,0 X )|rank s ≤ 1}, then Im κ ⊂ B X Proof. We will only use the statement of (ii) in our paper and we will give a direct proof. M SL(2,C) Higgs be the moduli space of polystable SL(2, C) Higgs bundle, then the Hitchin base for M SL(2,C) Higgs will be A X = H 0 (S 2 Ω 1,0 X ) and the Hitchin morphism can be written as κ(ϕ) = det(ϕ). We choose a local holomorphic frame {dz 1 , · · · , dz n } of T ⋆ X and write ϕ = n i=1 ϕ i dz i . Then the condition ϕ ∧ ϕ = 0 is equivalent to [ϕ i , ϕ j ] = 0. Suppose at some p ∈ X, ϕ|p = 0, without loss of generality, we can assume ϕ 1 = 1. As the Cartan subalgebra of sl 2 is rank 1, we set σ = ϕ 1 then ϕ j = λ j ϕ i . If we set v = dz 1 +λ 2 dz 2 +· · ·+λ n dz n ,
We have the following easy but important corollary follows by the closeness of B X . Corollary 2.10. Let s i ∈ B X and suppose s i convergence to s ∞ ∈ A X in C ∞ topology, then s ∞ ∈ B X . In other word, we have a well-defined spectrum cover for s ∞ .
As every Θ ∈ B X , the spectrum cover S Θ has well-defined eigenvalues, we can define the discriminant section ∆ Θ : X → (Ω 1,0 X ) r 2 −r in the same way as (6) , then as ∆ Θ can be expressed as invariant polynomials, ∆ Θ is holomorphic over X, ∆ Θ ∈ H 0 ((Ω 1,0 X ) r 2 −r ). We define the discriminant locus D Θ := ∆ −1 Θ (0) and obtain Proposition 2.11. The discriminant locus is complex analytic. When r = 2, s 1 = 0 and Θ = 0 , then D Θ will be codimension at least 2.
Proof. As D Θ is the zero set of a holomorphic section, the complex analytic statement follows immediately. When r = 2 and s 1 = 0, then Θ = s 2 = 0. There D Θ = s −1 2 (0) will be codimension at least 2.
Remark. There are many examples of Higgs bundle (E, ϕ) has discriminant locus Z Θ = X, where rank E = 3. Given any rank 2 Higgs bundle (E, ϕ), let (L, 0) be a rank 1 Higgs bundle with vanishing Higgs field, then the discriminant locus of (E ⊕ L, ϕ ⊕ 0) will be X.
2.4.
Tensor Products of the Higgs Bundles. Follows by [26] , we can define different operators, including the tensor product, dual, pull back of the Higgs bundles in an obvious way.
To be more explicit, let (E 1 , ϕ 1 ) and (E 2 , ϕ 2 ) be two Higgs bundle, then we can define the tensor product of the Higgs bundle as (
. For any Hermitian metric H 1 , H 2 over E 1 , E 2 , we can define a Hermitian metric over the tensor product bundle
The Kobayashi-Hitchin correspondence behaves well under the tensor product and following proposition follows directly by a straight forward computation.
Proposition 2.12. Let (E 1 , ϕ 1 , H 1 ) and (E 2 , ϕ 2 , H 2 ) be two solutions to the Hitchin-Simpson equations with D 1 , D 2 be the corresponding complex connections, then ((
is a solution to the Hitchin-Simpson equations with D 1 ⊗ D 2 be the corresponding complex connection.
L 2
1 Convergence and the Eigenvalue Estimates This section will be the starting point for the analysis of sequences of solutions (A i , φ i ) to (1) . We will give a L 2 1 estimate of |φ i | and C ∞ estimate for the invariant polynomials of φ i .
3.1. Useful Identities. To begin with, we will compute some useful identities for solutions to the Hitchin-Simpson equations. Let (E, H 0 ) be a Hermitian vector bundle over X with Hermitian metric H 0 and let (A, φ = ϕ+ϕ † ) be a solution to the Hitchin-Simpson equations, then
(iii) Let A, φ = ϕ + ϕ † be a solution to the Hitchin-Simpson equation (1), we denote ∇ A be the wrapped connection of d A and the Levi-Civita connection over Ω 1 (End(E)), then we have the identity:
where suppose we choose a real frame dx i and write
For ii), let s be a holomorphic section of a vector bundle E with connection d A and curvatureF A , then we compute
By (1), we obtain iΛF
For (iii), we consider ϕ as a holomorphic section of Ω 1 B R ⊗ End(E), and denote d A be the Chern connection of H. The Hermitian metric H of E and metric g of B R induced a metric of Ω 1 B R ⊗ End(E) with induced connection ∇ A . We write the induced curvature over
where Ric is the Ricci tensor of g. By the Weizenböck formula, we obtain
In this subsection, we will explain some techniques developed by Taubes [32] , which used (8) and φ L 2 (X) to control φ L ∞ (X) when dim(X) ≤ 4. There are also some generalizations without the dimension assumption [6] .
Proof. First, we multiple |f | 2δ in both side of the inequality and integrating it over X, then we obtainedˆX
In addition, we computê
n−2 , we obtain the desire estimate. 
Proof. By Lemma 3.1 and Kato inequality, we have ∆|ϕ| 2 + 2|d|ϕ|| 2 ≤ C|ϕ| 2 . Integrating over X, we have´X |d|ϕ|| 2 ≤ C´X |ϕ| 2 . By Sobolev inequality, we obtain´X |ϕ| 2n n−2 ≤ C. Take δ 0 such that 2 + 2δ 0 = 2n n−2 , applying Lemma (3.2). We obtain´X |a| (1+δ 0 ) 2n n−2 ≤ C. For k ≥ 1, we define 2 + 2δ k = (1 + δ k−1 ) 2n n−2 , by iteration using Lemma 3.1, we obtaiń X |ϕ| 2δ k +2 ≤ C. As lim k→∞ δ k = ∞, we obtain the desire estimate. Proposition 3.4. Given any solution to the Hitchin-Simpson equations, we have sup X |φ| ≤ C φ L 2 (X) .
Proof. For each p ∈ X, let B R be a radius R ball centered in p and denote r be the distance function to p. We take a cut off-function β(r) which vanishes at ∂B 2R and equals to one on B R . Let G p be the Green function of ∆ at p, then by (8), we obtain
We computeˆX
As |G p | ≤ R 2−2n , we let l = 2n−1 2n−2 and q = 1 1− 1 l = 2n − 1 and by Hölder inequality, we
q . By Proposition 3.3, we obtain the desire bound.
ii) |φ i | convergence weakly in the L 2 1 topology and strongly in L p topology for any p < ∞. Proof. We integrating (8) and obtain´X |d A iφ i | 2 + |φ i | 2 ≤ C. By Kato inequality, we obtain i). Asφ i weak convergence to µ ∞ in L 2 1 topology, by Sobolev embedding, we obtained the strong convergence in L p for any p < 2n n−1 . By Proposition 3.4, sup | φ i | is bounded implies the strong convergence of |φ i | in L p for all p, which completes ii).
3.3. C 0 Estimate in terms of Eigenvalues. For any R > 0, p ∈ X, we set B R := {z ∈ X|dist(z, p) < R} be the unit disc with radius R and g be the Kähler metric over B R . Let (E, ϕ) be a rank r Higgs bundle, we consider a solution (E, ϕ, H) to the Hitchin-Simpson
Proof. We choose a unitary bases such that A = P + N , where P is diagonal and N is strictly upper triangle. Then
Passing to a subsequence, we have lim N i = N ∞ such that |N ∞ | = 1 and |[N ∞ , N † ∞ ]| = 0. If we denote a 1 , · · · , a r and b 1 , · · · , b r be the rows and columns of N , then the condition [N, N † ] = 0 implies that |a i | 2 = |b i | 2 . We have a 1 = 0, then b 1 = 0, which implies a 2 = 0. Continuing this induction, we obtain N = 0, which gives a contradiction.
Corollary 3.7. Let (E, ϕ) be a Higgs bundle with Hermitian metric H, let λ 1 , · · · , λ r be r different eigenvalues of the Higgs bundle. We denote g(ϕ) := r i=1 |λ i | 2 , then there exists a constant independent of the Higgs bundle such that
Proof. This is a local statement and near a point p ∈ X with open neighborhood B R , we choose a orthonormal base dz 1 , · · · , dz n such that ϕ = r j=1 ϕ j dz j . We denote λ j 1 , · · · , λ j r be the eigenvalues of ϕ j and denote Proof. By Lemma 3.1, we obtain
Over B R , we denote λ 1 , · · · , λ r be the eigenvalues of ϕ and define g := r i=1 |ϕ| 2 , then by Corollary 3.7, we obtain 
be the invariant polynomials of (E, ϕ) under the Hitchin morphism κ. In this section, we will compare the size of the following norms ϕ L 2 (X) , ϕ L ∞ and max 1≤k≤r p k (ϕ) 1 k L 2 (X) . Proposition 3.9. We have the following estimates:
(i) Let λ be an eigenvalue of ϕ, then |λ| ≤ |ϕ|.
where the constant C l depends on the positive integer l.
Proof. Locally, let λ be the eigenvalue with eigenvector s, we have |λ| 2 s, s ≤ ϕs, ϕs ≤ |ϕ| 2 |s| 2 , which implies (i). For (ii), as p k (ϕ) are invariant polynomials of ϕ, we obtain
Proof. Let λ be an eigenvalue of ϕ, then λ is a solution of the spectral cover equations λ r + p 1 (ϕ)λ r−1 +· · ·+p r (ϕ) = 0. We denote t := max 1≤k≤r p k (ϕ)
In summary, we can compare different norms of ϕ:
be a open ball over X with radius 2R less than the injective radius, let M be the maximal of eigenvalues of ϕ over B R , then
The following statement is obtained by Tanaka [31] for SL(2, C) Higgs bundles over Kähler surface. We strength his result and prove:
be a sequences of solutions to the Hitchin-Simpson equations, we define r i := φ i L 2 (X) and writeφ i = r −1 i ϕ i , then (i) Suppose r i ≤ C, then p k (ϕ i ) convergence in C ∞ topology over X.
(ii) Suppose lim sup r i = ∞, then passing to a subsequece, we have
Proof. (i) and (a) follows directly by Proposition 3.9. For (b), by Corollary 3.11, we have
As lim sup r i = ∞, we obtain r k=1 α k 1 k L 2 (X) ≥ C −1 > 0, which implies (ii).
Local Estimates For Projections Outside of the Discriminant Locus
In this section, we will introduce the estimates for solutions outside of the discriminant locus. Our argument follows largely by the work of Mochizuki [22] , who developed the following kind of estimates over Riemann surface.
4.1.
Local Decomposition for the Higgs Bundles. Given (E, H, A, φ = ϕ + ϕ † ) a solution to the Hitchin-Simpson equations, we denote D ϕ be the discriminant locus of ϕ. We pick up p ∈ X \ D ϕ , then for B R ⊂ X be a radius R ball centered at p, as ϕ have different eigenvalues over B R . We denote λ 1 , · · · , λ r ∈ Ω 1,0 X be r different eigenvalues of ϕ over B R , then in suitable complex gauge, we obtain a decomposition of Higgs bundles
Remark that this decomposition does not preserve the Hermitian metric. However, by Proposition 2.3, we are free to work on different holomorphic trivialization of E.
We denote the rescaled Higgs bundle asφ := ϕ φ L 2 (X) and write the image ofφ under the Hitchin morphism as Θφ := (p 1 (φ), p 2 (φ), · · · , p r (φ)) ∈ A X = ⊕ r i=1 H 0 (S i Ω 1,0 X ). Note that the discriminant locus of ϕ is the same as the discriminant locus ofφ. Proposition 4.1. For every p ∈ X \ D ϕ , we define d p := min i =j |λ i − λ j |(p), then there exists radius R > 0 such that over B R
• |ϕ| ≤ CC 0 d p + C, • |λ i − λ i (p)| ≤ dp 100 , where R and C 0 are constants only depends on Θφ. In addition, if we denote M p := max i λ i (p), then R = min{R 0 , dp 100C φ L 2 (X) } and C 0 = Mp dp , where R 0 is the injective radius of X.
Proof. Let M be the maximal of the eigenvalues of ϕ over B R , then by Propsition 3.9, we obtain
We take C 0 = Mp dp and R = min{
, dp 100C φ L 2 (X) }, then M ≤ 2M p and |λ i − λ i (p)| ≤ dp 100 . By Proposition 3.8, we have max
In addition, as d p ≤ 2M p , we have dp
. By replacing the notation of the constants, we obtain the statement.
Remark. The point of the constants Proposition 4.1 is that it will only depends on the rescaled Higgs fieldφ instead of ϕ. By Theorem 3.12, for an unbounded sequences, the spectrum cover of the rescaled Higgs bundle will convergence. Therefore, for the constants that depend on the spectrum data ofφ can be well controlled. 
Proof. By definition of d p , we have |λ i (p) − λ j (p)| ≥ d p . The statement follows by the inequality
4.2.
Estimate on the projection. Under the previous assumption, let (E, H,
We can define the orthogonal projection π ′ i : E → E i using the Hermitian metric H. We write
follows by the definition of π ′ which respects the Hermitian metric. As π ′ , χ i = 0, we obtain |π i | 2 = |π ′ i | 2 + |χ i | 2 . We have the following point-wise estimate lemma that is widely used in [20, 21] . 
Suppose there exists the following data:
• α 1 , · · · , α r be r complex numbers, d := min i =j |α i − α j |,
We write π i be the projection of E to V i and π ′ i be the orthogonal projection of V onto V i and write χ i := π i − π ′ i , then we have i) There exists constant B depending only on r such that |π i | h ≤ B and |χ i | ≤ B. ii) There exists constant B ′ depending only on r such that |[θ † , π i ]| h ≥ B ′ d|χ i |. 
Proof. Let B R be the ball chosen in Proposition 4.1 and we have the decomposition (
As the desire estimates are pointwise estimate, we work on different points in B R . We choose a orthogonal basis dz 1 , · · · , dz n of T ⋆ B R and write ϕ i = n j=1 ϕ i j dz j . In addition, we can write λ i = γ i j dz j and we write ϕ = n j=1 ϕ j dz j . We write d p,j := min i =i ′ |γ i j − γ i ′ j |(p) ≥ 0, which is the difference of the eigenvalue under the frame dz j . Then by definition, we have d p = n j=1 d p,j . We denote d p,j 0 = max j {d p,j }, then d p,j 0 ≤ d p ≤ nd p,j 0 .
By Proposition 4.1, we obtain |ϕ j 0 | ≤ C 0 (d p + 1) ≤ nC 0 (d p,j 0 + 1),
Applying Lemma 4.4 for ϕ j 0 with d = d p,j 0 and α i = γ i j 0 (p), we obtain constant B, B ′ such that
We take r be the radius to the center of B R and we compute
By maximal principal, we obtain f ≤ g over B R . Now, we can give an estimate on the difference of two projections π i and π ′ i . Let (E, H, A, φ = ϕ + ϕ † ) be a solution to the Hitchin-Simpson equations with Higgs bundle (E, ϕ) and discriminant locus D ϕ . Given any p ∈ X \ D ϕ , we choose d p be the minimum of the differences of eigenvalues at p. By Proposition 4.1, |ϕ| ≤ Cd p + C, |λ i − λ i (p)| ≤ d p 100 holds over B R with all constants depends on Θφ. We have the following proposition: Proposition 4.7. Under the previous assumption, let r be the distance to p. Over B R , we have |χ i | ≤ Ce −C ′ dp(R 2 −r 2 ) , where C, C ′ depends on the Θφ.
Proof. By Lemma 3.1, we obtain
In addition, by Proposition 4.5, we have |[ϕ † , π i ]| ≥ B ′ d p |χ i | and |χ i | ≤ B with B, B ′ constants depends on the spectrum date Θφ. In addition, by Lemma 4.3, we has |π i | 2 = |χ i | 2 + 1.
Therefore, we obtain
By Lemma 4.6, we obtain |χ i | 2 ≤ B ′2 e −C ′ dp(R 2 −r 2 ) with C ′ = min{ Bd 4n , 
(ii) Let s i , s j be local section of E i and E j , then |H(s i , s j )| ≤ Ce −C ′ d |s i | H |s j | H , where C, C ′ are constants depends on Θφ.
Proof. We compute
However, by Proposition 4.1 and 4.7, over B R 2 , we have |ϕ| ≤ C(d p + 1) and |χ i | ≤ Ce −C ′ dp which implies the statement.
For (ii), we compute H(s i , s j ) = H(π i s i , s j ) = H(s i , (π † i − π i )s j ). In addition, as π ′ † = π ′ , we have π † i − π i = χ † i − χ i , the by Proposition 4.7, we obtain the desire estimate. 
In particular,
Therefore, we obtain the estimate for [ϕ, ϕ † ]. The estimate for |ΛF A | follows directly by the Hitchin-Simpson equations (1).
We write ϕ † = r i,j=1 π i • ϕ † • π j . For i = j, by Corollary 4.8, we have
and [π i •∂ A ϕ, π j •ϕ † •π j ] = 0. In addition, as rank E i = 1, we have [π i •∂ A ϕ, π i •ϕ † •π i ] = 0. Therefore, we obtain
The Estimate for Sequences of Solutions. Let (E, H, A i , φ i ) be a sequence of solutions, let r i := φ i L 2 (X) andφ i := r −1 i φ i =φ i +φ † i . We denote Θ i = (p 1 (φ i ), · · · , p r (φ i )) with discriminant locus D i then by Theorem 3.12, there exists Θ ∞ such that Θ i convergence to Θ ∞ and D i will converge to D ∞ with D ∞ the discriminant locus of Θ ∞ . For each p ∈ X \ D ∞ , for i large enough, we have p / ∈ D i . We write λ i 1 , · · · , λ i r be r different eigenvalues of ϕ i and define d p,i := min k =l |λ i k (p) − λ i l (p)| be the minimal difference of eigenvalues at p. We write M p,i = max 1≤k≤r |λ i k |(p) and R p,i := min{R 0 ,
} which is the radius we found in Proposition 4.1, then the following holds Proposition 4.11. For each p ∈ X \ D, there exists i 0 , R p , d p such that for any i ≥ i 0 , we have R p,i ≥ R p and r −1 i d p,i ≥ d p,∞ .
Proof. Let d p,∞ be the minimal difference of eigenvalues of Θ ∞ at p, then as Θ i convergence to Θ ∞ , we have lim i→∞ r −1 i d p,i = d p,∞ . As R p,i := min{R 0 , 
Proof. This is a combination of Proposition 4.9, 4.10 and 4.11.
Compactness for Bounded sequences
In this section, we will prove a compactness theorem for sequences of solutions to the Hitchin-Simpson equations with bounded L 2 norms on the Higgs fields.
Uhlenbeck Compactness.
To begin with, we give a statement of the Uhlenbeck compactness theorem. We define a unitary connection A has finite energy if´X |F A | 2 < ∞ and we define A is integrable if F (2,0) A = 0. Then we have Theorem 5.1. [35, 36] Let E → X be a complex vector bundle with Hermitian metric H, for any p > n, there exists R 0 > 0 and ǫ 0 > 0 such that for integrable connection A on E Suppose over a radius 2R ball B 2R ⊂ X, we have
Let R 0 be the injective radius of X, for every connection A, we can define the Uhlenbeck radius r A : M → [0, R 0 ) by (11) r
Together with the Uhlenbeck patching argument [9] , we obtain 
iv) Z Uh can be described as
where ǫ 0 , δ depends only on the geometry of U and the bounds of
In for the limiting A ∞ , we have the following theorem, which is a combination of statements in [2, 7] , see also [24] .
Proposition 5.3. Under the previous assumption, suppose d
is a Hermitian-Yang-Mills connection. In addition, ΛF A j → ΛF A∞ in L p loc (U − Z Uh ). In addition, over U − Z Uh , we have a holomorphic, orthogonal, splitting
Compactness theorem for Bounded Sequences. Now, we will state our convergence theorem for solutions which have bounded L 2 norms of Higgs fields.The following result is well-known, it will follows by applying the Uhlenbeck and standard elliptic theory.
Theorem 5.4. Let (E, H) be a Hermitian vector bundle over X, suppose (A i , φ i = ϕ i + ϕ † i ) be a sequence of solutions to the Hitchin-Simpson equations (1) . Suppose that φ i L 2 (X) ≤ C, then there exists a codimension 4 compact singular set Z Uh with finite Hausdorff measure, a smooth vector bundle (E ∞ , φ ∞ ) and a pair (A ∞ , φ ∞ ) such that the following holds:
• after passing to subsequence, over every compact subset W ⊂ X \ Z Uh , there exists unitary gauge transforms g i :
Proof. By Proposition 3.8, we obtain that
For simplification, we omit the unitary gauge g i and still write (A i , φ i ) to represent (g i (A i ), g i (φ i )). We write a i :
As a i ⇀ 0 in L p 1,loc , thus strongly in L p loc . In addition, as ϕ i ∈ C 0 , we obtain ϕ i ∈ L p 1,loc . As H ∞ is a fixed smooth metric, then ϕ † i ∈ L p 1,loc . Thus, there exists ϕ ∞ , ϕ † ∞ such that φ i = ϕ i + ϕ † i convergence to φ ∞ := ϕ ∞ + ϕ † ∞ . By standard boot-strapping argument for elliptic equations, we obtain the smooth convergence.
In addition, as (E, H, A i , φ i ) is satisfies (1) and the convergence is L p 1,loc , we obtain that (E ∞ , H ∞ , A ∞ , φ ∞ ) also satisfies the Hitchin-Simpson equations over X \ Z Uh .
By the work of Bando-Siu [2] , there exists codimension 6 set Z ′ ⊂ Z Uh such that (E ∞ , H ∞ , A ∞ ) can be extend over some X \ Z ′ as a holomorphic vector bundle. As |φ ∞ | L ∞ (X\Z) ≤ C and∂ A∞ ϕ ∞ = 0, therefore, ϕ ∞ and φ ∞ can also be extended to X \ Z ′ by Hartogs theorem. Proof. As deg(E) = ch 2 (E) = 0, by Corollary 2.6, we obtain
In addition, by Theorem 5.2 and the a priori bound of |F A i | C 0 , we have lim R→0 R 4−2n´B R (x) |F A i | 2 = 0, which implies Z Uh = ∅. Let V be a compact subset of B X , by Proposition 3.8, for any κ 0 (E, ϕ) ∈ V , φ L 2 (X) ≤ C V , where C V is a constant only depends on V . The properness statement follows directly from the theorem.
In addition, by the third bullet of Theorem 5.4, we obtain Corollary 5.6. When dim X = 4, then κ : M Higgs → B X has a closed image.
Compactness for Unbounded Sequences
In this section, we will study the behavior of the solutions to the Hitchin-Simpson equations with unbounded L 2 norms on the Higgs fields. 
Proof. Integrating (8), we obtain r 2 i´X |φ i ∧φ i | 2 ≤ C. In addition, by Proposition 2.5, we obtain´X
C and the statement follows immediately.
We define the following adiabatic Hitchin-Simpson equations, which over Riemann surface is studied in [19, 18, 11] .
Over the Hermitian vector bundle (E, H), we say (A, ϕ+ϕ † ) satisfy the adiabatic Hitchin-Simpson equations if
6.2. Convergence of Rescaled Solutions. In this subsection, we will state our main theorem. Theorem 6.2. Let (E, H) be a Hermitian vector bundle over X and let (A i , φ i = ϕ i + ϕ † i ) be a sequence of solutions to (1), we take r i := φ i L 2 (X) and writeφ i = r −1 i φ i =φ i +φ † i . Let A X be the Hitchin base and κ : M Higgs → A X be the Hitchin morphism, then
• κ(φ i ) = (p 1 (φ i ), · · · , p r (φ i )) convergence smoothly to κ ∞ := (p 1,∞ , · · · , p r,∞ ) ∈ B X . • Suppose the discriminant locus Z T of the spectrum cover defined by κ ∞ satisfies Z T X, then there exists a Hausdorff codimension 4 set Z Uh ⊂ X \ Z T and a Hermitian bundle Proof.
Step 1. Convergence of the spectrum cover.
To begin with, we will prove the first bullet. Recall that for given a Higgs bundle (E i , ϕ i ), we have the Hitchin morphism κ(φ i ) = (p 1 (φ i ), · · · , p r (φ i )) ∈ ⊕ r k=1 H 0 (S k Ω 1,0 X ), where p i are invariant polynomials. By Theorem 3.12 and Corollary 2.10, we see passing to a subsequence, κ(φ i ) convergences smoothly to κ ∞ = (p 1,∞ , · · · , p r,∞ ) and κ ∞ ∈ B X . We denote the spectrum cover corresponding to κ ∞ as S ∞ := {λ ∈ Ω 1,0 X |λ r + p 1,∞ λ r−1 + · · · + p r,∞ = 0}. Moreover, we denote Z T be the discriminant locus of S ∞ .
Step 2. Convergence of the curvature.
By Theorem 4.12, for p ∈ X \ Z 2 , there exists i 0 , R ∞ , d p,∞ such that for i ≥ i 0 , over B R∞ (p), we have
In addition, over B R∞ (p), by Lemma 6.1, we have´B R |F A i | 2 ≤ C. We define the Uhlenbeck singularity set as Z Uh = ∩ 0<r<δ {x ∈ X \ Z T : lim inf i→∞ r 4−2n´B r (x) |F A i | 2 dV ≥ ǫ 0 } , then by Theorem 5.2, over X \ (Z Uh ∪ Z T ), there exists A ∞ such that up to unitary gauge and subsequence A i convergence to A ∞ weakly in L p 1,loc . Step 3. Convergence of the Higgs fields By Proposition 3.4, for the rescaled Higgs fieldφ i , we have φ i L ∞ (X) ≤ C. We write a i = A i − A ∞ , as∂ A iφ i = 0, we obtain∂ A∞φi = a iφi . Moreover, a i weakly convergence in L p 1,loc thus strongly convergence in L p , we have φ i L p 1,loc ≤ C. As a i ∈ L p 1,loc ,φ i ∈ L p 1,loc , by Sobolev multiplication, for p > 2n, we have a iφi ∈ L p 1,loc , thusφ i ∈ L p 2,loc . Therefore, there existsφ ∞ such thatφ i convergence ϕ ∞ weakly in L p 2,loc . We define φ ∞ = ϕ ∞ + ϕ † ∞ .
Step 4. The limiting (A ∞ , φ ∞ ) satisfies the adiabatic Hitchin-Simpson equations. By Theorem 4.12 and Proposition 5.3, we obtained ΛF A∞ = 0. By Lemma 6.1, we obtain φ ∞ ∧ φ ∞ = 0 and d A∞ φ ∞ = 0, which is equivalent to (12) .
When rank E = 2, we can remove the assumption that Z T X in Theorem 6.2 Proposition 6.3. Under the assumptions of Theorem 6.2, suppose rank E = 2, then Z T can be chosen to be codimensional at least 2.
Suppose p 1,∞ = 0, then by Proposition 2.11, we obtain Z T is codimensional at least 2. Suppose p 1,∞ = 0, then we define β i = ϕ i − Tr(ϕ i ) 2 Id E consider the new sequence (A i , β i +β † i , then the corresponding p 1,∞ = 0. Suppose p 2,∞ = 0, then we set Z T := p −1 2,∞ (0). Then convergence of r −1 i ϕ i follows by the convergence of β i and the convergence of Tr(ϕ i ). When p 2,∞ = 0, in this case we have uniform bound of β i L ∞ (X) ≤ C. Therefore, we can set Z T = ∅ and apply Theorem 5.4. In addition, as lim r i → ∞, we obtain lim i→∞ r −1 i β i = 0, therefore, the limiting Higgs field in this case would be ϕ ∞ = Tr(ϕ ∞ ) Id 2 . Remark. When dim(X) = 4 over closed Kähler manifold, it is shown in [31] that the Hitchin-Simpson equations are the same as the Kapustin-Witten equations. Our theorem for SL(2, C) Higgs bundle will be covered by the compactness theorem of Taubes [32] for the Kapustin-Witten equations. In addition, [31] shows for SL(2, C) Higgs bundle, the set Z T we defined in Theorem 1.1 are almost the same as the singular set that Taubes found in [32] , which explains why we label "T " for the singular set Z T .
Follows the philosophy of [32] , let (A, Φ) be a solution to the Hitchin-Simpson equations and R 0 be the injective radius of X, besides the Uhlenbeck radius r A (x), one can define a more natural radius µ A : M → [0, R 0 )
where ǫ 0 is the Uhlenbeck constant that appears in Theorem 5.1. Let (A i , φ i ) be a sequences of solution to the Hithin-Simpson equations, under the assumption of Theorem 6.2, let Z T be the Taubes singularity and we can define following two singularity set
then we have the following relationship In this section, we will study the SL(2, C) version of the Hitchin-Simpson equations and studied the relationship with previous work of Taubes [33, 32] . Recall that a SL(2, C) Higgs bundle (E, ϕ) is a Higgs bundle will rank E = 2, det(E) = O X and Tr(ϕ) = 0. Suppose (E, ϕ) is stable and denote (A, φ) be the corresponding solutions to the Hitchin-Simpson equations, then the complex connection D = d A + φ will be a SL(2, C) connection. 7.1. Z 2 harmonic 1-forms. The theory of Z 2 harmonic 1-form have been developed by Taubes [33] and studied from different aspects [29, 40] . Now, we will discuss the relationship between the Z 2 harmonic 1-forms and the limit of the SL(2, C) solutions to the Hitchin-Simpson equations.
Z is a codimension at least 2 closed subset of X, (ii) I is a real line bundle over X \ Z with a flat connection d ∇ , (iii) v ∈ Γ(Ω X ⊗ I) such that dv = d ⋆ v = 0, (iv) |v| has a Hölder continuous extension over X with Z = |v| −1 (0) and´X \Z |∇v| 2 is integrable, where ∇ is the interwise connection on I with the Levi-Civita connection on Ω 1 X . Now we will explain how do we obtain a Z 2 harmonic 1-form from (12) . Let E be a rank 2 Hermitian vector bundle with Hermitian metric H, we define End(E, H) := {s ∈ End(E)|s † = s}. Let (A, φ = ϕ + ϕ † ) be a solution to (12) with Tr(φ) = 0, then we have Lemma 7.2. We define I := {s ∈ End(E)|[φ, s] = 0, s = s † }, then there exists harmonic form v ∈ Ω 1 X ⊗ I and A convariantly constant homomorphism σ :
Proof. As (A, φ) satisfies (12), we obtain φ ∧ φ = 0. Take any p ∈ X \ Z, we consider a small ball B p ⊂ X \ Z with center at p. Let dx 1 , · · · , dx 2n be any basis of T ⋆ X and we write φ = 2n i=1 φ i dx i . The condition φ ∧ φ = 0 is equivalent to [φ i , φ j ] = 0 for any i, j. As |φ| = 0 over B p , WLOG, we denote σ := φ 1 = 0 and then φ i = λ i σ for any i with λ i a function. Therefore, we write φ = σ ⊗ v with v is a 1-form can be written as v = n i=1 λ i dx i . In addition, we can choose the size of v and σ to make |σ| = 1. However, there is an anomaly of choice of sign in this definition, φ = ±σ ⊗ ±v and the choice of sign defines a map X \ Z → {±1}, which defines a R line bundle I. We have a welldefined v ∈ Ω 1 ⊗ I and σ : I → End(E, H). In addition, as [φ, ±σ] = 0, we obtain I = {s ∈ End(E)|[φ, s] = 0, s † = s}.
We write ϕ = σ⊗v with |σ| = 1, then from (12), we obtain 0 =∂ A σ⊗v (1, 0) +σ⊗∂v (1,0) = 0 and 0 = ∂ A σ ⊗ v (1,0) + σ ⊗ ∂v (1, 0) . Taking inner product with σ of the previous two equations, we obtain σ, d A σ v + σ, σ (∂ +∂)v (1,0) = 0. In addition, as |σ| = 1, we obtain σ, d A σ = 0. Therefore, (∂ +∂)v (1,0) = 0, which implies dv = d ⋆ v = 0. In addition, as (1, 0) = 0 and v (1,0) = 0, taking inner product with v (1, 0) , we obtain ∂ A σ =∂ A σ = 0. 
be a sequence of solutions to the Hitchin-Simpson equations with Tr(φ i ) = 0 and r i := φ i L 2 (X) unbounded, then passing to a subsequence, we have:
There exists the followings:
(a) Z Uh is a Hausdorff codimension 4 set and Z T a codimension 2 complex analytic subset,
All the statements follows directly from Theorem 6.2, Lemma 7.2. We still need to check the (Z T , I, v) we obtained satisfies the fourth condition in Definition 7.1. As |v| 2 = s ∞ with µ a holomorphis section, we obtain |v| is Hölder continuous.
After integrating (8) over X, we obtain´X |∇ A iφ i | 2 ≤ C. In addition, we have the pointwise convergence lim i→∞ ∇ A iφ i = ∇v over X \ (Z Uh ∪ Z T ), therefore we obtaiń X\Z |∇v| 2 ≤ C.
In addition, even the convergence is taken over X \ (Z Uh ∪ Z T ), as Z Uh is a codimensional 4 set, where we can extend I over Z Uh ⊂ X \ Z T . In addition, v also extends smoothly across Z Uh as v will be a weak solution to an elliptic equations near Z Uh . 7.2. Realization Problem of the Z 2 harmonic 1-form. Now, we will discuss about the realization problem of the Z 2 harmonic 1-forms. We would like to ask the following question: Question 7.5. Which Z 2 harmonic 1-form over X can be realized by solutions to the Hitchin-Simpson equations?
We will try to understand this question over Kähler manifold. A necessary condition for the existence of Z 2 harmonic 1-form would be: Lemma 7.6. Let (Z, I, v) be a Z 2 harmonic 1-form over a Kähler manifold, then
Proof. This is a straight forward computation using the Kähler identities.
Recall that for SL(2, C) Higgs bundle, the Hitchin morphism κ : M Higgs → B X can be written as κ((E, ϕ)) = det(ϕ) ∈ B X , we have the following proposition. Proposition 7.7.
(i) Suppose (Z, I, v) can be realized by a sequence of solutions to the Hitchin-Simpson equations, then (v ⊗ v) (2, 0) ∈ Im κ, where Im κ means the closure of Im κ in B X .
(ii) For every s ∈ Im κ, then there exists a sequence (
Proof. The statement in (i) follows directly from Theorem 7.3. For (ii), suppose s ∈ Im κ, then there exists a polystable Higgs bundle (E, ϕ) with κ(ϕ) = s. For every t ∈ R, (E, tϕ) is also polystable Higgs bundle with det(tϕ) = t 2 s. We have the corresponding solutions (A t , φ t ) and we denote r t = φ t L 2 (X) . By Theorem 7.3, we obtain a Z 2 harmonic 1-form (Z, I, v) such that (A t , r −1 t φ t ) convergence to (Z, I, v). Remark. When dim X = 4, by Corollary 5.6, we have Im κ = Im κ.
We have an uncertainty of choosing the real line bundle I. (2, 0) , then I 1 = I 2 ⊗ I 0 with I 0 a real line bundle defined over X.
Proof. Let p ∈ Z with B p a small neighborhood of p, we consider the trivial bundle
, we define the fiber of I p as R √ s. In addition, as ±v
, we obtain I p ∼ = I 1 ∼ = I 2 over B p \ Z. In other word,
2 is trivial along Z. We define I 0 = I 1 ⊗ I −1 2 , then I 0 is a real bundle defined over X.
Proposition 7.9. Let (Z, I 1 , v 1 ) and (Z, I 2 , v 2 ) be two Z 2 harmonic 1-form with s = (v 1 ⊗ v 1 ) (2,0) = (v 2 ⊗ v 2 ) (2,0) , suppose (Z, I 1 , v 1 ) can be realized by a sequences of solutions to the Hitchin-Simpson equations, then (Z, I 2 , v 2 ) also can be realized by a sequences of solutions to the Hitchin-Simpson equations.
Proof. By Lemma 7.8, we write I 2 = I 1 ⊗ I 0 with I 0 is a real line bundle defined over X. We define the complex line bundle I C 0 := I 0 ⊗ C, then we have (I C 0 ) ⊗2 = O X with deg(I C 0 ) = 0. In addition, we can consider (I C 0 , 0) be a rank 1 Higgs bundle with vanishing Higgs field which is automatically stable with unique Chern connection (A 0 , 0).
Over (E, H), let (A i , φ i ) be a sequences of solutions to (1) such that (A i , r −1 i φ i ) convergence to (A ∞ , φ ∞ ) with associated Z 2 harmonic 1-form (Z, I 1 , v 1 ), then we tensor this sequences by (A 0 , 0) and obtain a new sequences (Ã i , r −1 
Examples Over Complex
Surfaces. Let X be a complex surface, in this section, we will try to compute the space B X = {s|s ∈ H 0 (S 2 Ω 1,0 X ), rank s ≤ 1} for some specific Kähler surface. By Theorem 7.7, it will contain all the information of Z 2 harmonic 1-forms. Example 7.11. When X is a rational surface, K3 surface, Enriques surface, hypersurface in CP 3 , by [23] , it is shown that H 0 (S 2 X) = 0, therefore B X = 0. There will be no Z 2 harmonic 1-form in these examples.
In these examples, let (E, ϕ) be a SL(2, C) Higgs bundle, then as H 0 (S 2 X) = 0, we obtain det(ϕ) = 0. By Proposition 3.8, we have a uniform bound for ϕ L 2 (X) ≤ C. Therefore, by Theorem 5.4, we obtain a compactness up to Uhlenbeck bubbles.
It is unknown that whether in these examples, there exists a polystable Higgs bundle with non-vanishing Higgs field. When X = K3, it is shown in [3, 15] that all polystable Higgs bundle will have vanishing Higgs field. Example 7.12. When X = Σ 1 ×Σ 2 with Σ 1 , Σ 2 are Riemann surface with genus g 1 , g 2 ≥ 1. Let π i : X → Σ i be the projection and we write K i := π ⋆ i K Σ i . Then we obtain Ω 1,0
The condition that rank s ≤ 1 is equivalent to s 11 s 22 = s 2 12 . The discriminant locus of s are s −1 (0) = s −1 11 (0) ∩ s −1 22 (0). If s 11 = 0 but s 22 = 0, then s 12 = 0 and Z = s −1 (0) = s −1 22 (0) = Σ 1 ×{q 1 , q 2 , · · · , q 4g 2 −46 }, which is codimensional 2. The corresponding Z 2 harmonic 1-form will be the pull back from a Z 2 harmonic 1-form from the Riemann surface. Similar things happen when s 22 = 0 and s 11 = 0.
If s 11 and s 22 not identically zero, as H 0 (X,
In addition, the condition s 2 12 = s 11 s 22 will require that the multiplicity of s −1 11 (0) and s −1 22 (0) has to be even. In this case, the singular set Z for the corresponding Z 2 harmonic 1-form is Z = 2{p 1 , · · · , p 2g 1 −2 }× 2{q 1 , · · · , q 2g 2 −2 }, which is codimensional 4 and the corresponding line bundle over X \ Z will extends globally to X. Example 7.13. Let X be a ruled surface, or a non-isotrivial elliptic surface with reduced fibers with fibration π : X → Σ and let g be the genus of Σ. By [5] , the pull back map π ⋆ : H 0 (Σ, (K Σ ) ⊗2 ) → H 0 (Σ, S 2 Ω 1,0 X ) is an isomorphism, which implies B X = π ⋆ H 0 (Σ, S 2 Ω 1,0 X ). Therefore, for any s ∈ B X , we can write s = π ⋆ q with q ∈ H 0 (K ⊗2 Σ ), then Z = s −1 (0) = ∪ 4g−4 i=1 π −1 (p i ), where p 1 , · · · , p 4g−4 are the zeroes of q. The corresponding Z 2 harmonic 1-form will be pull back from the Riemann surface. Proposition 7.14. Let X be a Kähler manifold and denote π : X → Σ be a fibration over a curve Σ with genus g > 1, then for any {p 1 , · · · , p 4g−4 } ⊂ Σ, then there exists a Z 2 harmonic 1-form (Z, v, I) with Z = ∪ 4g−4 i=1 π −1 (p i ) and can be realized by sequences of solutions to the Hitchin-Simpson equations.
Proof. Let q ∈ H 0 (K ⊗2 Σ ) such that q −1 (0) = {p 1 , · · · , p 4g−4 }, as Hitchin morphism is surjective over Riemann surface [14] , there exists an SL(2, C) stable Higgs bundle (E, ϕ) such that det(ϕ) = q. As π ⋆ (E, ϕ) is polynstable and det(π ⋆ ϕ) = π ⋆ det(ϕ) = π ⋆ q, we obtain π ⋆ q ∈ Im κ, where κ is the Hitchin morphism. The statement follows by applying Proposition 7.7.
Appendix A. Vafa-Witten Type Equations over Kähler Manifold
In this Appendix, we will discuss a compactness result for a Vafa-Witten type equations (14) over closed Kähler manifold X and give a sketch of compactness argument to these equations for finite energy solutions. When dim(X) = 4, these equations are the equations that studied in [37] and have been studied in [17] . These equations is also studied in [30] when dim(X) = 6.
A.1. Vafa-Witten Pairs and Hitchin Morphism. Let X be a closed Kähler manifold with Kähler metric g, Kähler class ω and canonical bundle K X , E be a rank r complex vector bundle over X. For simplification, we always assume that det(E) is trivial.
A Vafa-Witten pair consists of (E, β) where E = (E,∂ E ) is a holomorphic structure of E, ∂ 2 E = 0 and β ∈ H 0 (K X ⊗ End(E)).
is a direct sum of stable pairs.
Let G C be the complex gauge group of E, for g ∈ G C , the complex gauge group action is given by
Let p 1 , · · · , p r be r invariant polynomial of End(E) with deg p i = i, then p i (ϕ) ∈ H 0 (K i X ). We define the Hitchin base A X := ⊕ r i=1 H 0 (K i X ), then we can define the Hitchin morphism κ : M PS → A X given by κ(E, β) = (p 1 (β), · · · , p r (β)). As we don't have extra conditions on β, κ have a chance to be surjective.
For Θ := (p 1 , · · · , p r ) ∈ A X , we can define the spectrum cover S Θ := {λ ∈ Ω 1,0 X |λ r + p 1 λ r−1 + · · · + p r = 0}. Note that as K X is a holomorphic line bundle, we don't have any difficulties in solving S Θ . Let λ 1 , · · · , λ r be r different solutions of S Θ , then we can define the discriminant section
under the symmetric group action on λ 1 , · · · , λ r , we have ∆ Θ ∈ H 0 (K r 2 −r X ). We can define the discriminant locus D Θ = ∆ −1 θ (0). Suppose that Θ = κ(E, β), then the previous λ 1 , · · · , λ r will be r eigenvalues of β and the discriminant locus will correspondence to the point that β have common eigenvalues.
Proposition A.2. D Θ is complex analytic. Suppose Θ = κ(E, β) = 0 and Tr(β) = 0, rank E = 2, then D Θ X.
Proof. The proof is the same as Proposition 2.11.
A.2. Vafa-Witten Equations. Let (E, H) be a Hermitian vector bundle with det(H) = 1. Let A be a unitary connection and β + β † be a Hermitian n-forms with β ∈ Ω n,0 X , then the Vafa-Witten equations over closed Kähler manifold can be written as F 0,2 A = 0,∂ A β = 0, iΛF A .ω n + [β, β † ] = 0,
Given any (A, β + β † ), the G C action is given by we define the complex gauge group g ∈ G C acts on (A, φ) by
We have the following Kobayashi-Hitchin correspondence for (14):
Theorem A.3. [1, 4] Let (E, β) be a stable Vafa-Witten pair, then this exists a complex gauge transform g which is unique up to positive constant such that (A g , β g , β †,g ) satisfies the Vafa-Witten equations (14) .
Let (A, β + β † ) be a solution to the Vafa-Witten equations (14) , over Ω n,0 X ⊗ End(E), we define ∇ A be the wrapped connection of d A and the induced Levi-Civita connection over Ω n,0 X . We have the following identities, which can be computed exactly in the same way as Lemma 3.1.
Lemma A.4. We have the following identities:
(i) Let s be a holomorphic section of E satisfies [β, s] = 0, we have ∆|s| 2 + |∂ A s| 2 + |[β † , s]| 2 = 0.
(ii)
where C 1 is a positive constant depends only on the dimension and R(β♯β) satisfies the bound |R(β♯β)| ≤ C|β| 2 .
Lemma A.5. Let B 2R be a open ball over X with 2R less than the injective radius, let M be the maximal of eigenvalues of β over B R , then
Proof. Using the identities in Lemma A.4, then proof of this statement will be exactly the same as Lemma 3.2, Proposition 3.8 and Lemma 3.10 by changing ϕ to β and we omit the proof.
We have the following corollary, which can be proved in the same way as Theorem 3.12 by changing ϕ to β.
Corollary A.6. Let (E, H, A i , β i + β † i ) be a sequences of solutions to the Vafa-Witten equations, we define r i := β i L 2 (X) and writeβ i = r −1 i β i , then (i) Suppose r i ≤ C, then p k (β i ) convergence in C ∞ topology over X.
(ii) Suppose lim r i = ∞, then passing to a unbounded subsequece, we have (a) p k (β i ) convergence in C ∞ topology over X to p k,∞ where p k,∞ ∈ H 0 (K k X ), (b) (p 1,∞ , · · · , p k,∞ ) = 0.
A.3. Local Estimates and the Compactness Statement. Let (E, H, A, β i + β † i ) be a sequence of solutions to (14) , we denote r i = β i L 2 (X) and defineβ i := r −1 i β i with the corresponding spectrum date Θβ i = (p 1 (β i ), · · · , p r (β i )). By Corollary A.6, Θβ i convergence to Θ ∞ smoothly over X. We write D i be the discriminant locus of Θβ i and D ∞ be the discriminant locus of Θ ∞ , then D i convergence to D ∞ . We have the following local estimates:
Theorem A.7. Over the Hermitian vector bundle (E, H), for the sequence (A i , β i + β † i ), let p ∈ X \ D ∞ , there exists i 0 , d p,∞ and R p,∞ only depends on Θ ∞ such that over B Rp,∞ , for i ≥ i 0 , we have |iΛF A i | ≤ Ce −C ′ r i dp,∞ , |[β i ,β † i ]| ≤ Ce −C ′ r i dp,∞ , d ⋆ A i F A i L p ≤ Cr i e −C ′ r i dp,∞ ∇ A iβ i L p , Proof. This is a combination of Proposition 4.5 4.9, 4.10 and 4.11 by changing ϕ to β. In fact, comparing to the Hitchin-Simpson equations, as K X is a line bundle, we don't need to choose local frame of K X and the proof will be much more easier in the Vafa-Witten case.
We define the adiabatic Vafa-Witten equations as (16) F 0,2 A = 0,∂ A β = 0, iΛF A = 0, [β, β † ] = 0, then we obtain the following theorem for finite energy solutions:
Theorem A.8. Let X be a closed Kähler manifold and let E be a rank r vector bundle with Hermitian metric H. Let (A i , β i ) be a sequence of solutions to the Vafa-Witten equations (14) and we write r i := β i L 2 (X) .
Suppose the sequence {r i } has no bounded subsequence, we writeβ i := r −1 i β i and denote (p 1 (β i ), · · · , p r (β i )) ∈ ⊕ r i=1 H 0 (K i X ) be the image under the Hitchin morphism, then (a) (p 1 (β i ), · · · , p r (β i )) convergence smoothly over X to (p 1,∞ , · · · , p r,∞ ) with p k,∞ ∈ H 0 (K k X ). We write Z T ⊂ X be the discriminant locus defined by (p 1,∞ , · · · , p r,∞ ). (b) Suppose Z T X and suppose there exists a uniform constant C 0 such that
then there exists a codimension 4 subset Z Uh ⊂ X \ Z T , a Hermtian vector bundle (E ∞ , H ∞ ) over X \ (Z Uh ∪ Z T ), unitary connection A ∞ and Hermitian n-form β ∞ such that over X \ (Z Uh ∪ Z T ), for any p > 1, up to unitary gauge and passing to a subsequence, we have (A i , β i ) convergence to (A ∞ , β ∞ ) in L p 1,loc topology (c) A ∞ is a Hermitian-Yang-Mills connection and (A ∞ , β ∞ ) satisfies the adiabatic Vafa-Witten equations (16), (d) When rank E = 2, then Z T can be chosen to have codimension at least 2.
Proof. (a) follows directly from (A.6). For (b), by Theorem A.7, for each p ∈ X \ Z T , there exists R p , d p such that for i large enough, we have the following estimate over B Rp : |iΛF A i | ≤ Ce −C ′ r i dp , |[β i ,β † i ]| ≤ Ce −C ′ r i dp . We define the Uhlenbeck singularity set as
then by our assumption (17) and the Uhlenbeck compactness Theorem 5.2, over X \ (Z Uh ∪ Z T ), there exists A ∞ such that up to unitary gauge and subsequence A i convergence to A ∞ weakly in L p 1,loc . The convergence ofβ i weakly toβ ∞ over L p 1,loc over X \ (Z Uh ∪ Z T ) follows immediately by Lemma A.5 and the elliptic estimate for∂ A iβ i = 0.
For (c), by Theorem A.7, over X \ (Z Uh ∪ Z T ), we have lim i→∞ d ⋆ A i F A i L p = 0 and lim i→∞ |ıΛF A i | = 0. Therefore, over X \ (Z Uh ∪ Z T ), we have iΛF A∞ = 0. (d) follows directly from Proposition A.2.
Remark. Unfortunately, currently we need to make a technical assumption (17) that the connection A i has uniform energy bound. Currently, we don't know how to obtain this estimate. In addition, when dim X = 4, Taubes in [34] could obtain the convergence of β i without the assumption (17) .
